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Abstract  

The paper investigates the equations for geodesics, null geodesics, and spatial geodesics in 
rotating systems. Geodesics and null geodesics have, as usual, been interpreted as the paths 
of free particles and of light rays, respectively. Spatial geodesics are given a firm interpreta- 
tion as the shortest paths between points within the rotating system, where th e path 
length is measured by an observer in the rotating system who moves along the spatial 
geodesic. The paper shows that equations for geodesics in rotating systems may be derived 
by the traditional method, i.e., from the flat-space metric of general relativity, or by means 
of the instantaneous Lorentz frames approach. This supports the use of instantaneous 
Lorentz frames as a valid method for the analysis of events in rotating systems. 

1. Introduction 

In this paper we consider the derivation o f  equations that describe geodesics 
fn rotating systems. These "geodesics" have been subdivided into three types: 
geodesics, null geodesics, and spatial geodesics. These three terms are inter- 
preted as the path o f  a test  particle, the path of  a ray of  light, and the shortest 
possible distance between any two points,  respectively. The above definitions 
for geodesics and null geodesics are common in relativity theory and are accepted 
as fundamental  assumptions. However, the identif icat ion o f  a spatial geodesic 
as the  shortest possible distance between two points requires addit ional  explan- 
ation: In a rotating system, as indeed in any system, there are various ways o f  
measuring the distance between two points; one can use radar measurement,  
triangulation measurement,  contiguous measurement using short measuring 
rods, and a variety of  other techniques. However, if  one has to actually move 
from one point  to another there is only  one path between the two points that  
will be shorter than any other,  when measured by  the observer who actually 
makes the journey.  It is in this context that  we shall discuss spatial geodesics. 

The two main techniques for the analysis of  rotating systems are the metric 
technique, as is common in general relativity,  and the technique o f  instantaneous 
Lorentz frames. Ashworth and Jennison (1976) have already produced a 
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restricted discussion of the applications of instantaneous Lorentz frames to 
rotating systems. It is one of the objectives of the present paper to show that 
the two seemingly unrelated approaches produce identical results. 

In our discussion of  rotating systems we introduce two systems of coordinates. 
One of  these systems uses the frame $2, which is related to the laboratory 
frame, S, by the Galilean rotational transformation, and the other system uses 
the frame $1, which differs from $2 only in angular measure. We show that 
S 1 and $2 are equally valid for describing a rotating system and that the only 
difference between the two frames of  reference is in the interpretation of 
measurements that have been made within the rotating system. 

2. The Metric Approach 

In this section we consider the derivation of the geodesic equations from 
the particular metric obtained when the Galilean rotational transformation is 
applied to the flat space-time of the Minkowski metric. The resulting metric 
corresponds, in particular, to a description of  the rotating system made by an 
observer at the center of  rotation of the system who is in synchronous 
rotation with the system. A restricted discussion of the interpretation, through 
the metric, of  observations made by an observer who is rotating with the 
system has been made by Davies (1976). 

The cylindrical form of the Minkowski metric in the laboratory system 
S(r, O, z,  t) is 

ds2= dr 2 + r2dO z + dz 2 - c2dt 2 (2.1) 

and the Galilean rotational transformation to the frame $2(r2,02,  z2, t2) is 
given by 

1"=1" 2 

0 = 0 2 + c°t2 

z = z2 (2.2) 

t = t 2  

whence we obtain in the frame S 2 the metric 

ds 2 =dr22 +r22d022 +dz 2 + 26or22dO2dt2 _@2 _ co2r22)dt22 (2.3) 

The equations applicable to both geodesics and null geodesics are obtained 
from equation (2.3) in the usual manner and are of the form 

d 
(2~2} = 2r2622 + 4cor202i2 + 26o2r2t22 (2.4) 

d (2r22b ~ + 26or22~2 } = 0 (2.5) 
dX 

d 
£~ (2~2} = 0 (2.6) 
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and 

~-~ (2cor2 02 - 2(c 2 - ¢o2r22)i2} = 0 = (g,v:~u~:v) 

_ d f__~ [d s t2 /  (2.7) 
ax LOi2\dX] j 

in which X is a parameter that varies along the curve and the dots denote 
differentiation with respect to X. 

Integrating equations (2.5)-(2.7) and denoting the constants of integration 
by 2A, 2B, and 2D, respectively, gives 

i 2 = (Aco - D) /c  2 (2.8) 

02 = (Ac  2 - Aco2r22 + cor22D)/r22c 2 (2.9) 
and 

z2 = a (2.10) 

Equation (2.3) can also be written in the form 

(~_)2 =/'22 +r22~J22 +z22 + 2~°r2202i2 - ( c  2 _ ~o2r22)t22 (2.11) 

Let us now confine our attention to the plane z2 = O. 
2.1 Geodesics. The geodesics of the metric given in equation (2.3) are 

fully described by equations (2.8)-(2.11) together with the condition 
ds/dX = I thus giving 

d02=[  aS + a~r2 ] 
dr 2 r2(r22 _ a22)1/2 - u(r22 _ a22)1/2" (2.12) 

in which u is the velocity of a particle as measured in the laboratory frame 
S(r, O, z ,  t) such that 

(1 + c2i22) 1/2 
u = i2 (2.13) 

Also, r 2 = a2 at the point of the closest approach of the geodesic to the origin, 
i.e., at the point where dr2/dO 2 = 0. 

If u is independent of r, then equation (2.12) may be integrated to give 

05 = -+ cos-l(a 2/r2) + (~/u) (r22 - %2)1/2 + K1 (2.14) 

in which K1 is a constant of integation, such that K1 = 02 when r 2 =a2, and 
in which any combination of the signs is permissible. 

Equation (2.14) is the first equation in Table 1 and is the equation of a 
geodesic, i.e., the path of afree particle, in the frame $2, as calculated from the 
metric of equation (2.3), assuming that the particle traveled through the laboratory 
frame with a constant velocity u. 
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2.2. Null  Geodesics. The equation of a null geodesic, found by solving 
equations (2.8)-(2.11) and setting ds/dX = O, is given by 

0 2 = +cos-l(a2/r2) +- (6o/c)(r22 - a22)  1/2 +K 1 (2.15) 

where a2 and K1 have the same meaning as previously defined and, once 
again, any combination of the signs is permissible. Equation (2.15) is the second 
equation in Table 1. 

Alternatively one can, of  course, consider a light ray as being composed of 
photons traveling with velocity u = c, which, when substituted into equation 
(2.14), again produces equation (2.1 5). 

2.3. Spatial Geodesics. If we define a spatial geodesic as the shortest distance 
between any two points in space, rather than in space-time, then we have the 
additional condition that 

bs 
at---2 = 0 (2.16) 

Equation (2.16) may be written in the form 8k/St 2 = 0, which, when multi- 
plied by 23, gives the condition that 

a i 2 t \ d X /  ) 

wtticls, by equation (2.7), means that D = 0. Equations (2.8) and (2.12) can then 
be solved to give u = c2/aw, which, when combined with equation (2.14) gives 

o2 = +- (cos-l(a~/r2)  - ( a 2 J / e 2 ) ( r :  2 - a2~) 1/2} + K1 (2.I8) 

for the equation of a spatial geodesic. K1 is, as before, a constant of integration. 
This equation has previously been derived, but without a physical interpretation, 
by Arzeli~s (1966) and is fisted as the third equation in Table 1. As the velocity 
u = c2/aw of the particle in the laboratory system is greater than the velocity of 
light it is obvious that no real free particle can ever travel along a spatial geo- 
desic in the frame S 2 . 

3. The Instantaneous Lorentz Frames Approach 
Before any analysis is performed it is instructive to examine exactly what is 

meant by instantaneous frames of  reference. For any body moving under an 
acceleration it is always possible to find a frame moving with constant velocity 
relative to, for example, the laboratory frame, in which the body is instan- 
taneously at rest. If it is now assumed that the equations relating measurements 
in the accelerating and nonaccelerating frames are the same at any instant of  
time as those relating measurements in rectilinearly moving frames, then it is 
possible to analyze events in the accelerating system. We should note that the 
use of instantaneous frames automatically includes the clock hypothesis, i.e., 
the rate of a moving clock, in its own frame and as seen from any other frame, 
is not affected by any acceleration imposed upon it. 



GEODESICS IN ROTATING SYSTEMS 851 

3.1. Geodesics. We adopt the definition of  a geodesic in a rotating system 
as being the path of  a test particle across the system and commence our investi- 
gations by interpreting this path according to observers who are rotating with 
the system. This interpretation of the path depends upon the way in which a 
rotating observer makes a measurement. We do not assume or derive, in this 
section, any "transformation to a rotating system" by means of which the 
equation of the path of  a particle in the laboratory frame may be transformed 
to the rotating system. Instead, we use the method of associating each point 
in the rotating system, instantaneously, with a linearly moving Lorentz frame. 

Consider a cylindrically symmetric system of an infinity of  infinitely close 
reference frames. At any instant we can let any of  these frames be coincident 
with linearly moving Lorentz frames and hence we may consider the infinity of  
reference frames as representing an infinity of  instantaneous Lorentz frames. 
We now allow this system of reference frames to rotate about a point 0 with 
angular velocity co as measured in the laboratory frame S. S has the usual 
cylindrical coordinates, r, 0, z, t. The system is constrained to rotate in the 
plane z = 0 with center of  rotation, 0, at r = 0. We define the angular velocity, 
co, by stating that if one of the instantaneous rotating frames is maintained at 
a distance r from 0, as measured in the laboratory frame S, then the instan- 
taneous linear velocity, v, of the rotating frame is ~or, in S. 

We shall also allow a system of cylindrical coordinates St(ri, 01, zl, q) to 
be synchronized to the rotating system such that rl = 0 is located at 0. Hence, 
all the rotating instantaneous frames will appear at rest in S 1. We shall assume 
that 0 a = 0 coincides with 0 = 0 at time q = t = 0 and that all the rotating 
instantaneous frames are aligned such that at the instant of  observation in S1 
their z axes all point in the same direction, their y axes are all in radial direc- 
tions, and their x axes are all in tangential directions, as seen in S 1. 

Consider now a particle that moves through this rotating system of  Lorentz 
frames. Let us assume that the path of this particle is a straight line of  length cr 
in the laboratory system, S, and that its velocity in the laboratory system is u. 
What is the equation of the path of the particle in the system $17 

As there is an infinity of  Lorentz frames in the rotating system the particle 
will pass through the origins of some of these frames. Tile angles between the 
path of the particle and the y axis of each of these frames may be calculated 
from the Lorentz transformations or, alternatively, from the aberration equa- 
tions. Also, because these frames are at rest in the system S1, these angles may 
be measured by observers in the rotating system and a locus of  the origins of  
the frames through which the ray has passed may be produced for the coordi- 
nate system $1. 

Figure 1 shows the situation as seen from the laboratory frame, S. 
Consider now a particle that passes through the origins of  the instantaneous 

frames Sin and Sl(n+l)- The path of  the particle, as seen in the frame $1, is 
depicted in Figure 2. From this figure it is evident that 

rldO1 dr 1 
tan¢ln = dr1 c o s ~  =-d-~a 1 (3.1) 
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A 

Sn S~ n / 
X n X,n B_~ > wr~ 

~- Ym 

Figure 1. The path, ABC, of a particle as seen in the laboratory frame S. S n is a Lorentz 
frame instantaneously at rest in S, and Sin is a Lorentz frame instantaneously at rest in the 
rotating system S1. The origins of Nn and Sin are momentarily coincident at B as the 
particle passes through B. The section of path BD is of length m 

If  the  particle starts in S at t ime t = t l  = 0 and at an angle 0 = 01 = 0, then ,  
for the  n t h  ins tan taneous  frame, S~n, in $1 through which the  particle passes, 
it is always possible to associate a frame Sn, which is at rest in  the  labora tory  
frame S, in s tandard conf igura t ion wi th  Sin, and wi th  origins coincident  at 
tin = tn = 0 such that  the equa t ion  o f  the path of  the particle in Sn is (as may  

~. S~n~ 

W 
SI 

O 
Figure 2. The path of the particle as seen in the frame S 1 when the particle has passed 
through the origins of Nin and Si(n + 1)- 
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be seen from Figure 1) given by 

853 

aUtn + U-(r2 a2)l/2tn (3.2) 
Xn = - - ,  Y n  = - -  

r r 

The particle passes through the origins o f  Sn and Sin at tn = tin = 0 and the 
sign o f x  n and Yn depends upon the direction in which the particle is traveling. 
The path of the particle between the origins of the two frames Sn and Sn+b as 
measured in the laboratory frame S, will be a straight line of length do  and will 
subtend an angle dO at the center of rotation of the system. From equation 
(3.2), do  = udt  where d t  is the time taken for the particle to travel from the 
origin of Sn to the origin of Sn + 1. 

Cm may now be calculated by using the Lorentz transformations (Einstein, 
1905): 

Xn - vtn 
xul (1 v2/c~) 1/~' Yrn Yn,  zln Zn (3.3) 

from which 

tan ¢ln - dx ln  + c(au - rv) 
dysn = - u (r  2 - a2)I/2(c2 - v2)S/2 (3.4) 

Let us now consider two of the instantaneous rotating frames, Sia and Slb, 
located on the same radius in S 1 at radial distances rla and rso. It is possible to 
associate frames Sa and S~, at radial distances ra and r o in the frame S instan- 
taneously with the frames Sla  and Sso .  It is also possible to measure the distance 
between Sla and SlO in S 1 or the distance between Sa and Sb in S. As the rela- 
tive motion o f S  a to Sal or Sos, and the relative motion of Sb to Sal or SOl, is at 
right angles to the direction of  rsa, rsb, ra, and ro, observers in each of the frames 
will agree that rla = ra and rib = ro, which may be generalized to give 

rs = r ( 3 . 5 )  

Combining equations (3.t)  and (3.4) and remembering that v = rco gives 

C(171b/ -- (a3rl 2)  dr 1 
dOs =+ 

- urs(rl2 _ a12) 1/2(c2 _ r12602) 172' 

crl [ ( u  - a l c ~ )  2 + c 0 2 ( r i  2 - a 1 2 ) ( 1  - u2/c2)] s/2ctrl 
&rs = ( 3 . 6 )  

U ( r l  2 - a12)1/2(c2 _ r12( .o2)  s / 2  

in which u will, in general, be a function ofr .  In the special case that u is a 
constant the first of  equations (3.6) may be integrated directly to yield the 
fourth equation of Table 1. 

Let us also examine two of the instantaneous rotating frames, Sta and StB, 
located at equal radial distances from 0 but on different radii, in S1. If the 
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angle dO 1 between these two radii is very small then S1A and SIB become 
virtually the same frame since their velocities relative to the laboratory frame 
become equal in magnitude and direction. If an instantaneous Lorentz frame 
in S, at a distance r = r 1 from 0, is associated with the frames SL4 and S1B, 
then, since dx  = rdO and dxl  = rid01, equation (3.3) gives 

dO - codt 
dO1 - (1 - v2/c2) 1/2 (3.7) 

where v is the relative velocity of S1A or S1B to SA or SB. It is interesting to 
compare the differential equations given in equation (3.6) above with those 
obtained using the Galflean rotational transformation. This transformation can 
be used to relate a frame Se(r2, 0~, z2, t2) to the laboratory frame S by using 
the transformations of equation (2.2). The system $2 corresponds to a co- 
ordinate system, with origin located at 0, which rotates with respect to the 
laboratory frame with an angular velocity co, but has the same angular measure 
as the laboratory frame. It is the frame obtained by making a Galilean rota- 
tion of S about itself. Combining equations (2.2), (3.5), and (3.7) we find that 

dr1 =dr2 (3.8) 

dO2 
d O  1 - 

(1 - v2/c2) 1/2 

Now, combining equations (3.6) and (3.8) and remembering that v = r e ,  
we obtain 

(a2u - wr2~dr2  
dO 2 = +_ 

ur2(r2Z _ a22)1/2' 

crz[(u - a 2 ~ )  2 + ~2(r22 - a ~ 2 )  ( 1  - uZ/c2)l l /Z dr2 
d o 2  = - - u ( r 2 2  - -  a 2 2 ) 1 / 2 ( c  2 - -  r 2602)1/2 

2 

(3.9) 

where do~ is an element of  the path of the particle in S 2 and is defined by 

(de2) 2 - (r2d02) 2 + (dr2) 2 
( 1  - ~ 2 r ~ / c  2) 

and u will, in general, be a function ofr.  In the special case that u.is a constant, 
the first of equations (3.9) may be integrated directly to yield the first equa- 
tion of Table 1. 

3.2. Null  Geodesics. In this section a null geodesic in a rotating system is 
defined as the path of a light ray as it crosses the system. The path and its 
length are given in differential form, in $1, by equation (3.6) after letting 
u = c, the velocity of  light. Making this substitution and integrating between 
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the limits r i = rl and r I = a 1 to obtain the locus, and length, of the path of  the 
ray in the system S 1 we find that 

and 

. {alc+ cori 2 ) 
01 = +- cos-' ~ - - - - - ~  

t i(¢ + alco)J 
(3.10a) 

1 [ (colt) (r12 - a l l ) l /2  / 
<,, = +  a, co)sin ' {{7 J (3.10b) 

in which the sign of  co may be either positive or negative and the sign before 
equation (3.10b) is chosen such that 01 is positive. Equation (3.10a), which is 
listed as the fifth equation in Table 1, may be seen to be the equation of  the 
curve HBD in Figure 3 and al is the length of  the circular are BD. From Figure 
3 it is evident that 

= t mlco t a 1 --COS - I  \ ~ ]  (3.1 la) 

and 

Ui = (~ )S in - '  t #7"llco t 
+ a coi 

(3.1 lb) 

which is identical to equation (8) of Ashworth and Jennison (1976) and 
represents the arc of a circle of radius ½ [c/co + al ] with center ½ [c/co -T- al] 
from 0, in which the sign depends upon the sign of  co. 

Equations (3.1 la) and (3.1 lb) describe the ray path which a rotating observer 
would derive by measuring the aberration angle of the light as it passed through 
his or her own infinitely small locality. An infinite number of  such contiguous 
measurements made at all points along the light path would give, when drawn by 
the observer on a piece of  paper in his or her own locality, i.e., when drawn in the 
local Euclidean space, the light path as defined by equations (3.1 la), (3.1 lb). 

The path of  the same ray of  light in the frame $2 is obtained by setting 
u = c in equation (3.9), which may then be integrated between the limits r2 =r2 
and r 2 = a2 to obtain the locus, and length, of the path of tile ray in the system 
$2, thus giving 

co 02=+-Cos-l(~--21+-7(r22--a22)l/2 ( 3 . 1 2 a )  
\r2/  

and 

= + 1_(c - a2 co) sin-1 [ (co/c) (rz 2 - a22) 1/2 / % (3.12b) 
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H 

Figure 3. The geometry of a ray path in the rotating system S 1. The ray path follows the 
circular arc HBD in the upper diagram and the circular arc DBH in the lower diagram. 

in which the sign of co may be either positive or negative and the sign before 
equation (3.12b) is chosen such that ~2 is positive. 

Equation (3.12a) is precisely the same equation as may be obtained by 
transforming the equation of the path of a light ray in S directly to $2 by the 
Galilean transformation of equation (2.2): From Figure 1, assuming a 
constant velocity u for the particle, we have 

r c o s ( 0  - ~ )  = -+a 

r sin(0 - $) = +-ut 

which, together with equation (2.2), gives 

\ r 2 ]  u 
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which becomes identical to equation (3.12a) if we specify u = c for a light ray 
and 02 = 0 when r 2 = a 2. Equation (3.12a) has previously been derived by 
Arzelibs (1966) and is equivalent to equation (2.15), which we derived in 
Section 2.2. 

It is therefore possible to describe the path of  a light ray as the arc of  a 
circle in the system S1, or as an Archimedean spiral in system $2, where S~ 
and S 2 are related by equation (3.8). Both descriptions are equally "correct", 
and the choice of which system should be used is arbitrary although in prac- 
tice the system into which experimental measurements could most easily be 
substituted would always be used. If measurements were being made by an 
observer as he or she crossed the rotating system, then $1 would be used, but 
if measurements were made by an observer situated at the center of  the 
rotating system then $2 would be used. 

3.3. Spatial Geodesics. We define a spatial geodesic as the shortest distance 
between two points in the rotating system. This is the shortest distance, 
measured piecemeal, according to an observer who moves between the two 
points in the rotating system. There can be only one such spatial geodesic link- 
ing any two points, and all spatial geodesics must be independent of  the direc- 
tion of rotation of the system. 

In common with the metric approach given in Section 2.3 we shall consider 
a spatial geodesic to be defined as the path, in the rotating system, of  a test 
particle that is traveling at a constant velocity in the laboratory frame. Since a 
spatial geodesic has a minimal path length in space it wilt correspond to the path 
traveled by a particle that is moving at infinite velocity as measured in the 
rotating system. Using the velocity addition formula it can readily be shown 
that the velocity, ul, of  a particle as measured in the system S 1 is related to 
the velocity, u, of  the same particle measured in the laboratory system S by 

[(C 2 - -  LOalb/)2 - -  (C 2 --  U2)(C2 --  (.02F12)] 1/2 

ul = c( l  - coalu/c 2) (3.13) 

ul will thus be a maximum, i.e., equal to infinity, when u = c2/aleo. The velocity 
in the laboratory system of the test particle whose paths determine the spatial 
geodesics of  the rotating system must therefore be given by 

U = c2/al ,  2 W  ( 3 . 1 4 )  

[It is worth noting that the equation of  a spatial geodesic can also be obtained 
by letting 

u = wry, 2c2/al, 2(2c 2 - o02r 2, 2) (3.15) 

but in this case the spatial geodesic is not the path of a single particle traveling 
with constant velocity in the laboratory frame.] 

The fact that equation (3.14) requires a particle velocity that is greater than 
the velocity of  light does not invalidate the procedure, as no real particle is 
required to travel along a spatial geodesic path- i t  is simply the path of a hypo- 



858 ASHWORTH AND DAVIES 

thetical test particle. Letting (dol)u=c2/alco= dll enables equation (3.6) to be 
integrated between the limits rl = rl and r 1 = al to give 

01 =-+{COS -1 [ al(.....~- 1 - r , 2 c o 2 i c 2 ) " ~ ]  _ _  
Lr,(1 

and 

ia,~l [(1- r,2~o2/c2)"2.t / 
c c°s-I ~t t - -a i2co2/c2) l /2JJ  

(3.16a) 

11 = (rl 2 - a12)1/2(1 - a126o2/c2)112 (3.16b) 

Equation (3.16a), which is the sixth equation listed in Table 1, is the equa. 
tion of the locus of a spatial geodesic in $t. Equation (3.16b), which has been 
obtained previously by Ashworth and Jennison (1976), gives the length of a 
spatial geodesic in $I. 

Letting (do2)u=c2/a 2 ~ = dl  2 enables equation (3.9) to be integrated between 
r2 =r2 andr2 =a2, 

t \ r2]  - -~--(r2 - a22) I/2 (3.17a) 

and 

l 2 = (r22 - a22) 1/2 (1 -a22~2/cZ) 1/2 (3.17b) 

Equation (3.17a) is the equation of  the locus of  a spatial geodesic in $2; it has 
previously been derived by Arzeli~s (1966) and is equivalent to equation (2.18), 
which we derived in Section 2.3. 

An alternative method of deriving equations (3.16) and (3.! 7) is to use the 
equations previously derived to describe the path of a light ray across a rotating 
system, together with simple geometrical considerations. 

Figure 4 is a representation of  the path HBD of the light ray in the frame 
$1. If we let an observer at point B compute the shortest distance to D, accord- 

/ 

Figure 4. Construction used in Section 3.3 to describe an infinitesimal spatial geodesic, 
BB'. 
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ing to measurements made in the system $1, then this shortest distance will be 
along the straight line BD. If this same observer now moves an infinitesimal 
distance BB' along the line BD then a different li~ht ray H'B'D' will pass 
through his new position and the shortest distance to D' lies along the straight 
line B'D'. Continuing this process the observer follows the path of a spatial geo- 
desic which has a distance of closest approach to 0 of al and the path may be 
computed from the geometry of Figure 4 as follows: 

tan/~ = rl - ,̀dO" cos/~ = dr--2 (3.18) 
dr1 d l  1 

and 

m l  2 + r l  2 -- a l  2 
cos/3 - (3.19) 

2r l  m l  

But, also from the geometry of Figure 4, 

m I = 
(rl ~ - a12)1/2(c  _ a l to)  1/2 

(e +alw) 1/2 

giving, by equation (3.19), 

( r l  2 ~ g 1 2 ) 1 / 2 c  
COS/~ = 

(C 2 _ a 1 2 ~ 2 )  1/2/,1 

Hence, from equation (3.18), 

a1 (c  2 - -  r12 602) l / 2  d r  1 r l (c  2 - alZ w 2 )  V 2 drl  
dO t - , d l  1 = (3.20) 

cr l (r l  2 - a 1 2 ) I ~  c(r~ ~ - a 1 2 ) v 2  

Equations (3.20) integrate to give equations (3.16) which describe the path of a 
spatial geodesic in S 1. The equations of the spatial geodesic in the system $2 
may be found by using equations (3.8) and (3.20) giving 

a 2 ( c  2 - r22 w 2) dr2 r2(c 2 - a22 ¢o2)t /2 ar~ 
dO2 - r2c2(r22 _ a22)1/2 , d12 = c(r22 _ a ] ) l  m (3.21) 

where d12 is an element of the spatial geodesic in $2 defined by (dla) 2 = 
2 . . . .  - . . . .  ( r z d 0 2 ) / ( 1  - ¢oZr2Z/c z )  + (dr2) z. Equations (3.21) integrate to give equations 

(3.17), which describe the path of a spatial geodesic in $2. 
We submit that, unlike Arzeli~s, who used a purely mathematical approach 

towards spatial geodesics, the treatment we have presented above puts spatial 
geodesics on a firm physical basis by explaining them as explicit geometrical 
entities. 
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4. Conclusions 

We have derived the equations describing geodesics, null geodesics, and 
spatial geodesics in the syStems $1 and $2 of a rotating system. These deriva- 
tions can first be made in either of  the two systems and then transformed to 
the other system ff this is desired. The resulting equations are summarized in 
Table 1. In order to simplify the table the equations for 01, 2 = f(rl, 2), but 
not the equations for 01, 2 = f(rl, 2), are presented. 

The work in the paper shows that the systems S 1 and $2 are equally valid 
for describing events in a rotating system and also shows that there is a simple 
relationship between S1 and $2. It is important to realize, however, that $2, 
which is obtained by a Galilean transformation from the laboratory frame S, 
is applicable to an observer at the center of  rotation of the system who is 
spinning in synchronism with the system. The frame $1 corresponds to the 
interpretation of events made by an observer who is in synchronous rotation 
with the system and who actually moves through it, making measurements as 
he or she goes. The question of  whether to use S I or $2 to analyze any parti- 
cular problem in a rotating system is arbitrary but will, in a practical case, 
depend on the position of  the observer within the rotating system. For example, 
consider the path of a ray of light that travels from an observer at the center 
of the system to an observer in synchronous rotation at the circumference of 
the system. Both observers will, of  course, use their own local coordinate 
systems for making measurements. A Lorentz frame instantaneously at rest 
with the circumferential observer will provide a simple way of calculating, for 
example, the aberration angle of the incoming ray as seen by this observer. It 
would therefore be natural for the observer to use the system of  instantaneous 
frames S 1 to describe events. However, the observer fixed at the center of the 
disk would tend to use $2 since he or she would interpret the path of the ray as 
an Archimedean spiral. So, although the choice of $1 or $2 is entirely arbitrary 
for a theoretical analysis of  any problem in a rotating system, in practice the 
choice is likely to depend upon the position of  the observer. 

We are not suggesting that the approach to measurements in rotating systems 
as used in this paper is necessarily better than the ideal general relativity 

approach where a metric applicable to an observer on a rotating disk is derived 
through Einstein's field equations. However, a universally agreed metric o f  this 
type does not, as yet, exist, and it is necessary to find some other method for 
inveStigating measurements in rotating systems. We submit that the method of  
instantaneous Lorentz frames provides a very reasonable method of~interpret- 
ing such measurements and we hope that this paper has clarified the relationship 
between the commonly used frame S 2 and the frame $1 which results when 
instantaneous Lorentz transformations are applied to rotating systems. In order 
to emphasize the fact that different methods of analysis produce the same 
answers, we have provided a table which clearly shows the different methods 
that may be used to derive identical equations. 
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